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Tom tiit

Trong tam, khoi liwong va mémen qudn tinh ciia vdt thé la nhitng théng so thiét yéu trong viéc
gidi quyét cdc bai todn co hoc iing dung. Bai viét nay nghién cieu phirong phdp tinh todn cdc thong
$6 nay bang phan mém toan hoc Maple, nham don gian héa va ting toc qud trinh tinh todn. Quy
trinh thyc hién bao gém viéc dp dung cdc cong thirc toan hoc lién quan va sw dung cac lénh cua
Maple dé Idp trinh tinh todn. Két qua cho thdy phwong phédp nay ¢6 do tin cdy cao va cho két qua
twong dwong véi cdc phwong phdp tinh todn truyén thong. Phuong phdp tinh todn bang Maple ¢é
thé dwoc dp dung trong nhiéu linh viee khdc nhau va rdt tién loi cho sinh vién trong qud trinh hoc
tdp va nghién curu.
Tir khéa: Trong tim, khoi lwong, mémen qudn tinh, chirong trinh tinh Maple.

Utilizing Maple Software for Calculating Centroid, Mass, and Moment of Inertia of
Objects
MA. Tran Ngoc Hai
University of Economics - Technology for Industries
Corresponding Author: tnhai.ck@uneti.edu.vn
Abstract
The centroid, mass, and moment of inertia of an object are crucial parameters in solving applied
mechanics problems. This paper investigates a method for computing these parameters using the
mathematical sofiware Maple to streamline and expedite the calculation process. The procedure
involves applying relevant mathematical formulas and utilizing Maple commands for computational
programming. The results indicate that this method is highly reliable, and yields results comparable
to traditional computational methods. The Maple computational approach can be applied across
various fields and proves to be convenient for students in their learning and research endeavors.
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1. Pit van dé

Trong tam, khdi lugng, momen quén tinh
ctia vt thé 1a nhitng thong s thiét yéu phai
tinh khi giai bai toan co hoc ing dung. Pa cé
nhiéu phuong phap tinh cac thong s trén, vi
du: Phén chia; Tich phan; Ap dung céc dinh 1y
Guyndanh [1-2].

Trong nhitng vi du duoc néu ra dudi day,
cac thong s6 theo hé toa do cau, toa do cuc, v.v.

duoc tinh truc tiép, khi tinh toan can nhitng bién
dbi phirc tap, kho. Hién ¢ trong nudc, chua co
tai liéu tryc tiép tinh cac thong s6 d6 dudi dang
chuong trinh tinh dung Maple.

Bai viét nay nghién ctru phuong phap tinh
toan cac thong sd trén bang phan mém toan hoc
Maple, nhim don gian hoa va ting toc qua trinh
tinh toan. Quy trinh thuc hién bao gém viéc ap
dung céc cong thirc toan hoc lién quan va st
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dung cac gdi cong cu tinh, cac 1énh ctia Maple
dé 1ap trinh tinh toan. Phuong phép tinh c6 do
tin cay cao, cho ciing két qua so véi cac phuong
phap tinh truyén thong.

Dudi day trinh bay mot sb vi du, mdi vi du
tinh bang hai cach: Tinh tryuc tiép va viét chuong
trinh tinh ding Maple dé d& so sanh.

2. N§i dung nghién ctru
2.1. Co sé phwong phap tinh

St dung két qua nhitng nghién ciru co hoc
g dung bang giai tich [1], [3].... vi du:

Tuy thong s can tinh, ding cong thc.

Khéi luong ctia ban D

m =[] pix,pdsdy (1)

Khéi luong vat thé:

m =1 pCx . dkdydz ()

Vi p(x,y)dxdydz 12 khdi lugng riéng vat thé
tai M(x,y,z).
Trong tam G cua ban D

|
Xg = ;gxp[x.y)a’xdy
3
| ( )
ve = —llyp(x. y)dedy
mbpD

Trong tam cua vat thé

Xg = L il xp (x, ¥, 2)dxdydz
mr

Ye = i [T yp(x, y, z)dxdydz (4)
mT

1
25 = — (] zp(x, ¥, )dndydz
mr

Néu vt thé ddng chét thi khong ddi, do do:

1. 1.
1% =7 111'1 xexdydz; v = 7 jrjj yexdyd=
(5)

1.
z. = — ||| zaxdydz
o = I dxdy

Mémen quan tinh ciia ban D dbi véi 0x, Oy va
géc toa do

Ty = ([ 00 M)dlxdy: Ty, = ([5° pCr, ¥)dindy
D - D (6)

L=l (7 + 3)p(x.y)dxdy

Momen quan tinh vat thé vdi goc toa do

I,= _|£_| (7 + 37+ ) p(x, y.2)dxdyds (M
2.2. Sur dung cong thirc Guyndanh khi gidi bai
todn trong tim
Cac vidu [1, trang 106], [2, trang 327] cho phép
nhanh chéng tinh ra két qua so voi phuong phap
tryc tiép tinh tich phan... giai bai toan.
2.3. Viét chwong trinh tinh trong tim, khéi
lwong,... ciia vit thé bang Maple
2.3.1. Cdc buée viét chwong trinh tinh
a) Mo goi (student),with (plots) [4, trang
126,143]
b) Déi bién sang hé toa do (Iénh Changevar)
+ H¢ toa d¢ cuc: St dung phép d6i bién

{x=rcosgy=rsing (8)
= f(x, y)dxdy =[] f(rcos@,rsin@)rdrde
M D
+ H¢ toa d¢ tru: dung phép d6i bién
{x=rcos@y=rsing:z=z = 9)
T S (x, p.2)dxdydz = [[] f(rcose,rsn @, z)rdrdpd:
¥ v

+ H¢ toa do cau: dung phép doi bién
{x =rsinfeos g y=rsinfsing;z =rcosf (10)
= ]Il f(x, ». D)dxdyd: = (j!j F(rsiné cos .
¥ 7

rsin @sin @,z cos 8)r” sin Bdrd8dep ) (11)

Vi du [5, tap 2, trang 121]: Ddi sang toa do cuc:

Céach 2: > with(student):
changevar({x=r*cos(¢),y=r*sin(¢)},
Doubleint(1/sqrt(4-x"2-y"*2),x,y),[1,0]);
Két qua : I

|

v a4—r

dr iy

¢) Ldp tich phdn: Tuy bai toan cu thé, chon

+ Tich phan kép: Dung lénh

Doubleint(g(x), X, y);

Doubleint(g, x=a..b, y=c..d);

Doubleint(g, x, v, mién tich phén );

& day: g - biéu thirc can tich phan

X, y: bién tich phan

Vi du [5, tap 3, trang 97]: Lap biéu thic tich

phan, tinh: I=] dxdy D=(.2)

5 (x+1)""
Cach 2: > with (student):
Doubleint(1/(x+y)"2,x=1..2,y=1..2):
Y%=value(%);
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Két qua:

N R dedy =2 1n(3) — 3 1n2)
+ Tich phan bgi ba: dung 1énh
Tripleint(g(x,y,z), X, ¥, z)
Tripleint(g, x =a..b,z=ec..f,y=c..d)
Tripleint(g, X, y, z, mién tich phan)

Vi du [6, tap 3, trang 205]: Lap biéu thirc tich

phan, tinh: (] zdxdydz
E}

V 1 mién x4c dinh boi: 0 <x<1/4, x< y <2x,

Cach 2: Tripleint (z, z = 0..sqrt (1-x"2-y"2), y =
x..2X, x=0..1/4); %=value(%);

Kétqué .‘KT.‘.\,\-"I x2 —y2
zdzdy dx =

8
3072

+ Tich phan
Int(expr, x): Ky hiéu tich phan bat dinh
Int(expr, x=a..b, ...): tich phan xac dinh
expr: mQt biéu thic dai s6
x: tén bién tich phan; a, b: can tich phan
Vidu [6, tdp 2, trang 147], Dung cach 2, Lap
W

1

I +e)
Int(1/sqrt(1+x72)*3, x=0..1): % =value(%);

dx

tich phan, tinh:

| —
—dx=—/2

‘o v"l‘ (1+3)°

Két qua :

d) Ldp biéu thirc dudi dau tich phdn

Dung céc cong thie tinh (1)...(11)

e) Tinh gia tri: lénh

%=value(%) [4, trang 128]

Vi du [7, tap 3, trang 202]. Xac dinh dién tich

ban phang gidi han boi cac duong: y2 = x; x>=y
11

021
061
0,44
0.2

0 02 04 06 08 1
x

Hinh 1. Dién tich gioi han bai f(y), g(y)
>With(student): (Cach 2)
fi=y— x"2 g =y — sqrt{x): a = solve(f(y) = gly), x):
a[ 2], thickness=3):

al2])) :

plod [F{y), gly) . x=all]..
abs(Int{abs((y) -g(y)),x=al[l]..

% = value(%):

Két qua chuong trinh tinh

- . /
F=y—=x"g=y—=yx-

ca=0,1
r‘ “2 - \-"‘T| dx = IT

2.4. Cac vidu
Vi du 1 [3, trang 158]: Biét khéi luong riéng
ctia nira hinh cdu x* +y?+z2 <a z > 0tai diém

bat ky ty 18 v6i khoang cach tir d6 toi tam 0.

Hay tinh toa d¢ trong tdm ctia nura hinh cau.

Gidi:

Céch 1: Dung tich phan boi

Ham khdi lugng riéng
p=(x,y,2)=Cyx*+y* +=* Ki hiéu V 1a nira

hinh cau, khéi lvong cta nira hinh cau d6 bang:

m=[[] Cfx® +y7 + 22 axdydz
v

Chuyén sang toa do cau, cong thirc (10)
{x =rsinfcos @

y=rsin@sing;z =rcos8

Khi d6 mién V* twong g véi V duoc xac
dinh boi:
V¥={(¢,r.0), 0<p<2, 0= r<a, 0<O<n/2}
Suy ra: m= CJ. dgﬂj r’dli[ =" sin Bd @

0 0
Ca'n

= 2C;’r[?3dr j sin8d6 =
o 0

Do tinh d6i xtng, hoanh d6 va tung do cua
trong tam:

- 1 2 7. 2

x="—[[[xCyJx" +y" +z"dxdydz =0
my

y= im_jv.C1 ¥+ + =2dxdyd= = 0
myv

Cao d6 cua trong tam:

z= im =Cyx’ + 37 + 2 dxdydz

:; £ d¢£r dr j sin 6 cos 8d6 7201

Céch 2: Dung Maple cac budce thuc hién
Dung géi (student) [7].
Chuyén sang toa do cau (changevar) (10)
Lap tich phan bdi 3 (Tripleint)
Lap biéu thic tinh, cong thic (11), (4)
Tinh gia tri (%=value(%)) [7]
>With(student):

changevar( {x=p *sin(0) *cos(@), y=p*sin(0) *sin(q),

Tripleint (sqrt(x"2 + y*2 +22).xv.2). [p. 6. 0]) ;

m = C‘Tn'pleint[r"'i*cos(ﬂ],r=0..a,

0=0. 7 @=0.2%n J m = value(%);

Ze = f-Tripleint(rM *5in(0)cos(0),r=0.a,

theta=0..

—,0=0.2%n J = value(%);
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Két qua chuong trinh tinh

‘“ | | p|3*_|sin{ 6) dp dﬁ;ltp

'3

ix 3 F
AR 2 A
m:=C [ | | " cos(0) drdode | m= L Ca*n
T T ! -
( L N
Am .27 a
2 ’ ‘ r*sin(6) cos(8) drdd do
I O L /
e 4
a’m
. 2
Ze 5 a

Vi du 2 [5, tap 3, trang 127]: Xac dinh trong
tam cua vat thé dong chat gidi han bdi mat non
72 —x*—y* =0, (z>0) va mat cau z> + x>+ y* =1

S

X
Hinh 2.Vt thé gi6i han boi cau, nén

Gidi:

Cach 1: Giao tuyén mat nén va mat ciu duoc

xac dinh boi 1 - 2= 22=>27>=1

2

=> "~ 7 viy ban kinh vécto cua cac diém
trén giao tuyén 4y lam vdi truc 0z goc bang n/4
Vi li do d6i xtmg nén xg, yg = 0.

Chuyén sang toa d6 cau, Tinh zg theo cong
thirc: i = jj77% sin drd6d o

h

Mién V xéac dinh béi: 0< r< 1, 0<0<w/4,

0<¢<2m. Do do
1 2
{l— £J 27

V= j’ :-zdrT sin@d 9T do =
0 0 0
2-42

g

3 Ciing vay ta co

-

Fa

MIf zdxdydz =[[jrcos @7 sin @drd 8d @
vV v

a/4 1

=] dqo_“ s'méicosﬁdﬁjrgdr :le.lzz
0 0 0 4 4
Do do: .
S 1 P )
il T

Céch 2: Dung Maple, chuong trinh tinh
>With(student):

changevar( {x =r*sin(8) *cos(g), y = r*sin(8) *sin(p),
z=r"cos(0) }, Tripleint(sqrt(x"2 + 2 + z"2), %,

v.z2), [n8 0] )

[ . n :
Vi= TriPlL‘inl| r*2%sin{8). r =01, theta= 0. ' 9=0.2*x ‘
\ ),
b
6=0 ..I, ¢ = 0 ..Z*RJ;

C= Tripleint[r*cus(e)r"l*sin(B], r=0.1,
Vo= value( %)
0:0.‘:,43 :0..2‘7:];
C

C = value(%); Zc = v

Két qua chwong trinh tinh

|ﬂ ‘ ‘.\\r\: sin(8)] dr d8 do

- 1.

2o

V= | | ‘ s sin( 0] drdo de
]

T
2
ER—
q 2 V=
RS

1 3247 3144l
- se-e+n 8 2

Vidu 3 [1, trang 105]: Tim trong tam cung
tron dong chét ban kinh R véi goc ¢ tam 1a 20
(hinh 3)

y B
~ R
=
o
0 S X
8 xe
A

Hinh 3. Cung tron ban kinh R
Giai: Dung dinh ly Guyndanh 1
+ Dinh Iy Guyndanh 1 [1, trang 104]
“Dién tich cua mat tron xoay sinh ra do mot
duong cong phing AB khi quay quanh truc
0y, nam trong mat phang chtra duong cong va
khong cét dudng cong do6, bang chiéu dai cua
duong cong AB nhan véi chu vi cua dudng tron
do trong tam C cua duong cong AB vachra” :
S =2nxc.L
Chtng minh: [1, trang 104]
Giai: Chon h¢ tryc toa d§ nhu hinh 2, cung tron
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¢6 truc Ox 1a truc déi xtung do do trong tam C
nam trén truc 0x.

Cho cung AB quay quanh truc Oy, ta dugc doi
cau, theo (*), ta dugc Sdgi cau=2mxc.L

Biét: Sggiciu = 2nR.h = 2nR 2Rsin;

Rsina
L=R.2a thay vio (*) ta dugc ¥ = a
Vidu 4 [6, tap 3, trang 203]: Xac dinh trong tam
ctia ban phing ddng chit giéi han boi duong r =
a(1+cosg), a> 0.
Hinh 4. Buong r=a(1+coso)

Brubmg hinh tim r=all+easg)

Giai: Ban phing D gi6i han boi duong hinh
tim r = a(1+cos@), nhan truc 0x lam tryc déi
xtng (hinh 4). Do d6 yG = 0.

i , T a(l+cos(@))
Tinh xG, ta co: [[dxdy =2[dp [  rdr
D 0 0

— 55 2 2 T 2 4
= 2[1/2a"(1+cosp) dp = [4a” cos (¢ /2)de
0 0

2
P 3797 Mt khéc
2 2
x al+epigh
[|xadv=2[de [ r cosodr
» ] ]

a{lscas(e))

=2i%a"@ !\ a(l+cos @) cospd@ B

DGibién so , ¢ = % ta duoc

4a3 /2 8 6
dexdy =3 | (16cos” t(1—8cos’ t)dt
D 0

4 753 1x 531 x  Std
- 3( 86422 '6'4'2'2)_ 4
Vay =

. _Sza® 2 _5a

G 4 3gq> 6

Cach 2: Dung Maple, Chuong trinh tinh.
>With(student):

8= 2-Doubleint(r, r=0.a-(1 4 cos(g))., ¢ =0 .x);

S o= value( %)

C := 2-Doubleint( ° cos(@).r=0.a-(1 +cos(g)), p=0 m);

(
Co= value(% ) XG == —:
value ) 1 S

Két qua chwong trinh tinh:

([ m (L cosig)) b ’H 3 3
§:=2 rdr dep STy A
Lo 0 )
Comoa(l +Feos(o)) \
2 ; 3
C:=2 1 ‘ r-cos(op) drdo
L7070 J
i 5 3 5
C=—mna XG=-—a
4 . 6

Vi du 5[5, tap 3, trang 113]: Tinh khéi lwong
ctia ban phing choan mién D xac dinh boi x2
+y2—R2<0, x>0, y>0, biét khdi luong riéng
(x,y)=xy
Giai: Dung cong thirc
= [ p Cx, y)dxdy ‘m = || xydxdy

m L{p(r}) y — 'm EU i
Chuyén sang toa do cuc, mién D’ dugc xac dinh
boi 0<n<n /2; 0 <r< R, Vay

afl R
m= _‘- dq)_[i‘z cos @sin edrd g
[

LI I, K " xi2
J' s i@ d@[i_g{#:_COSa@
2 .'.] 4

0 = o

Cach 2: Dung Maple. Chuong trinh tinh, dung
cong thte (8), (1), tich phan kép
>With(student):
changevar( {x =r-cos( @), y =r-sin(q)},
Doubleint(r--cos(q:)r-sin(cp}, X ¥), [r,'c-p]];

y

A ) . T
Doubleint r*-cos{p)r-sin(¢),r=0.R, o= 0..? .

/

% = value(%);
Két qua chuong trinh tinh:
' JI‘E cos(q) sin(¢) [r| drde

|
2" R
{ ' ' cos(o) sin(o) drdg
0 -0

|
.2 R
3 o e | 4
{ ‘ 17 cos() sin(o) drdp =—R
-0 at 8
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Vidu 6 [5, tap 3, trang 114]: Tinh momen
quan tinh ddi voi gbc toa o ciia mién tron D
x4c dinh boi mién tron:

Hinh 5. Mién D

X2 + y>— 2Rx < 0, biét khdi lugng riéng

p(x,y)=x" +’
Giai: Ta c6
Chuyén sang toa do cuec, mién D’dugc xéc
dinh boi
0 <r < Rcosop vay

w1 Res .
I,= 7!\3 do ‘Ewr*dr = :i déﬂhzw

R
?cos3 odp

2R 72
= cos” gdo =
D J;» 5

2R 42 16K
5375

Cach 2:
Chuong trinh Maple, dung cong thuc (8),

(6), tich phan kép.
>With(student)

changevar( {x=r*cos(q), y=r*sin(q)},

Doubleim( (xz + yz)\! X+ YQ X Y), [r, <P]) :

Doubleint[r4, r=0.R-cosq, ¢ :—% % J;

% = value(%);

]_nt[%-RS'COSS(CP] o :0..%] : % = value(%);

Két qua chuong trinh tinh,

|

2 . JRocoso

{ J dr dep
0

— T

b

T
R coso

{ 1 o dep % R’ coscp'q o

o |—

Vi du 7: Tinh mémen quén tinh cta vay thé
hinh try rdng: z = h, ban kinh hai diy 1a 1, r2
(11=5, 12=6) d6i voi gbc toa do biét: p(x,y,z)
= const

0

7
e

X
Hinh 6. Try rong

Gidi: Chuyén sang toa dd try, cong thuc (9)
{x =rCcosS@, y=sing@,z= :}
Tinh mémen quan tinh lo, cong thtc (7)

{IU = J;U(x2 + 37 + 29 p(x. v, 2)dxdyd=

Can tich phan (r=5..6,z= 0..h, ¢ = 0..27)
Tich phan bdi ba. Chuong trinh Maple:
>With(student):

changevar( {x=r:cos(q), y=r'sin(9), z=2z},
Tripleint((x"2 + y"2 + z*2), x. v, 2). [I. z. ¢]) ;
Io := p- Tripleint( |r] &+ Ir] P.r=5.6 z= 0.h ¢=0.2%n);
lTo = value(%):

Két qua chuong trinh tinh
[ ' [( 1| 7+ r r:"} drdz dgp
(.27 h.6 A

‘ ‘ ‘ (Irl 7 + I ) drdzdo

L LA |

lo:=p

671
-

]n:=p|/¥h‘x— h.1t|
.3 /

Tong quat: khi ry, r>0; r,> r; Cdng thiic:
722 gt :
I = 2 N P+ N hg
0 P{ 3 5 |

3. Két qua va théo luin

- Dung cong thirc Guyndanh, nhiéu
trudng hop cho két qua nhanh, tinh toan don
gian, nhu cac vi du [8, trang 200]; [2, trang 325].

- Khi tinh tich phan boi ba trén toa do dé
cac, cach lam twong tu. Vi du [7, tap 3, trang
206]. V 1a mién xac dinh bai:

Xx20y=202z20; xtytz < L
Tinh jzf’j (1-x-y-:)dxdyd:.
Giai: Chuong trinh Maple (toa do d& cac).
Cach 2: >With(student)
Tripleint(l —x—v—2zz=0..1 —x—¥,
y=0.1—-xx=0.1); %=value(%);
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